18. 


19. 


20. 


Prove that if K is a field and if oj,...,0, are 


distinct automorphisms of K then it is impossible 
to find elements a,,...a,, not all 0, in K such that 


a,o,(4)+a,0,(u)+...+4,0,(u)=0 forall we K. 


Prove that If A is an algebra, with unit element, 
over F, then A is isomorphic to a subalgebra of 
A(¥i for some vector space V over F. 


State and prove Frobenius theorem. 
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APRILIMAY 2028 
GMA21/DM4A21 — ALGEBRA - II 


Time : Three hours 


10. 


Maximum : 75 marks 


SECTION A — (10 x 2= 20 merks) 
Answer ALL questions. 
Define field. 
Give the example o extension field. 
Define simple extension. 
Define multiplicizy 
Define Galois group. 
Write symmetric polynomial. 
Define normal extension. 


Prove that the gereral pelynomial of degree n25 
is not solvable by radicals. 


Define algebraic over a field. 


Define norm. 
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11. 


12 


13. 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


SECTION B — (6 x E = 25 marks) 

Answer ALL quastions. 
Prove that There is an isomorphism r** of 
FRIE) onmo FEGE) with the 
property that for every ac F, ar** =q". 

Or 

Prove that the mapping y: F[x]> F(a) 
defined by h(x)w =i) is homomorphism. 


Prove that the polynomial f(x)e F[x] has a 
multiple root i? and only if f(x) and f'(x) 
have a nontrivial (that is, cf positive degree) 
commen factor. 


Or 


Prove that if F is = field of characteristic 
p+0, then the polynomial x” -xe F[x], 
for n21 has distinct roots. 


Prove that the fixed field of G is a subfield 
of K. 


Or 


Prove chat G(K,F) is a subgroup of the 
group.of all automorphisms of K. 
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14. 


15. 


16. 


I 


@) 


(b) 


(a) 


(b) 


Prove that G is solvable if and only if 
GC = (e) for some integer k. 


Or 


Prove that Les A be an algebra, with unit 
element, over F, and suppose that A is of 
d:mension m over F. Then evezy element in 
A satisfies some non-trivial polynomial in 
Fix] of degree et most m. 


Prove that Let C be the field of complex 
nambers and suppose that the division ring 
Dis algebraic over C. Then D= €. 


Or 


Psove that if ae H then a7! <8 if and only 
if N(@@)=1. 


SECTION C — (3 x 10=30 mars) 


Answer any THREE questions. 


Prove that if a is constructible then a lies in some 
extension of the rationals of degree a power of 2. 


Prove zhat if p(x) is a polynomial in Fix] of 
degree-n>1 and is irreducible over Æ, then there 
is an extension E of F, such that [E:F]=n, in 
which p(x) has a root, 


c 
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